
Planning along Differentiable Charts of Constraint Manifolds with the
Inverse Function Theorem

Thomas Cohn, Seiji Shaw, Nicholas Roy, and Russ Tedrake

Abstract— When planning motions with kinematic equality
constraints, analytic inverse kinematics can be used to pa-
rameterize the set of feasible configurations. We present a
new approach for computing gradients through such param-
eterizations (a requirement for trajectory optimization), that
extends compatibility beyond handwritten analytic IK solutions
to general-purpose implementations, including automated sym-
bolic solvers like IKFast.

I. INTRODUCTION

For a variety of tasks, a robot forms a closed linkage, and
must execute constrained motions. For example, a bimanual
robot carrying a box must maintain a constant transforma-
tion between its end-effectors. In such cases, the set of
kinematically-valid joint configurations is a measure-zero
subset of the full configuration space of the robot, presenting
a fundamental challenge for motion planning [1–3].

One conceptual approach for planning with kinematic
equality constraints is to build an intrinsic representation
of the so-called constraint manifold. Given an atlas, a
collection of local coordinate systems on the manifold (called
charts), the planner must reason about which charts to
move through and the paths within those charts [4, p. 411].
This eliminates the equality constraints, enabling the use
of ordinary collision-free motion planning algorithms. The
primary obstacle to such intrinsic approaches is the difficulty
in describing the charts [5, p. 168; 6, p. 151; 7, p. 28; 8,
p. 60]. Today, such approaches have been limited to certain
special manifolds [9–12].

However, many of the constraint manifolds relevant to
robotics arise from end-effector (EE) constraints. A recent
line of work has examined using analytic inverse kinematics
(IK) as a practical tool for constructing charts. Analytic IK
serves a principled solution to the one-to-many property of
IK, taking in additional arguments to return a unique solution
for an EE target. Together with automatic differentiation
through the IK mapping, a trajectory optimizer can represent
the robot’s path in the parameterized space while imposing
costs and constraints in configuration space. This approach
has been effective for collision-free constrained planning [13,
14] and as a tool for solving complex IK problems like
collision-free IK and humanoid stability [15]. Some of the
more commonly-used robot arms have specific analytic IK
solutions [16–21], but otherwise, the simplest way forward
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Fig. 1: We construct a minimal coordinates parameterization
for a bimanual carrying task. Figure reproduced from [25].

is to use automated tools that solve the kinematic equations
and generate a solution [22–24].

While these solutions provide everything needed for our
framework (e.g. returning all solutions, explicit self-motion
parameterization), modifying the resulting implementation
for compatibility with autodiff (for gradient-based trajectory
optimization) is impractical because they are optimized for
speed rather than interpretability. 1 We present a novel
approach for differentiating through a black box IK function,
towards trajectory optimization on constraint manifolds. We
construct the augmented forward kinematics [26, 27], a
variant of ordinary FK that also returns the self-motion
parameters corresponding to an analytic IK formulation.
The augmented FK Jacobian has a simple expression and
can be used to calculate the IK Jacobian via the inverse
function theorem. We verify the efficacy of this approach
with direct numerical experiments and downstream motion
planning tasks.

II. BACKGROUND

We use monogram notation [28, §3.1] to describe poses:
AXB ∈ SE(3) is the pose of frame B relative to (and
expressed in) frame A. When this pose is a function of a
variable q, we write AXB(q). The forward kinematics are
FK : Rn → SE(3). An analytic IK function is a mapping

IK : U ×Ψ× K → Rn, (1)

where U ⊆ SE(3) is a set of reachable end-effector positions,
Ψ parameterizes the set of continuous self-motions and K
enumerates the discrete self-motions (e.g. “up-elbow” vs
“down-elbow”). In practice, we restrict ourselves to a specific
κ ∈ K , and drop the corresponding discrete self-motion

1The IKFast [22] solution for the UR3 arm is over 110 000 lines of code.

https://github.com/woo-rookie/ur3_ikfastpy/blob/master/ikfast61.cpp


from the notation. We may extend the domain of IK to all
of SE(3) via a projection onto the reachable workspace, but
then FK(IK(X,ψ, κ)) = X only for X ∈ U [13]. Analytic
IK allows us to chart the constraint manifold resulting from
certain closed kinematic linkages: if removing analytically-
solvable subchains from the linkage graph results in a
forest, we naturally have a parameterization [29]. Automatic
differentiation through this mapping enables gradient-based
optimization with variables in the minimal coordinates, but
costs and constraints in configuration space.

Robot manipulators often have limited workspaces, so
optimization problems in the parameterized coordinates must
impose a reachability constraint. Within analytic IK func-
tions, the domain limitations appear as functions like arccos.
By modifying the function to clip to the domain, the func-
tion will now have no domain limits, but will return an
incorrect result outside of the reachable set. One way to
enforce reachability is with direct reachability constraints,
which require the achieved end-effector transform matches
the desired, but this constraint is active for all feasible
configurations [13]. If we have detailed knowledge of the
internals of the analytic IK solutions, a better formulation of
reachability uses probing functions that return intermediate
values before domain-limited functions are applied [15].

For a constraint manifold defined implicitly as M =
{q ∈ Rn : F (q) = 0}, a minimum-cost path (with respect to
a cost functional L) between q0, q1 ∈ M can be found via

argmin L(γ)
s.t. γ ∈ C1([0, 1],Rn),

γ(t) ∈ M, ∀t ∈ [0, 1],
γ(t) is collision free, ∀t ∈ [0, 1],
γ(0) = q0, γ(1) = q1.

Given a parameterization ϕ : U → M with U ⊆ Rm, m ≤ n,
and points q̃0, q̃1 such that ϕ(q̃0) = q0 and ϕ(q̃1) = q1, this
problem can be rewritten as

argmin L(ϕ ◦ γ̃)
s.t. γ̃ ∈ C1([0, 1],U),

(ϕ ◦ γ̃)(t) is collision free, ∀t ∈ [0, 1],
γ̃(0) = q̃0, γ̃(1) = q̃1.

For many constrained trajectory optimization problems, the
elimination of the equality constraint γ(t) ∈ M via an IK
parameterization results in an easier-to-solve problem [13,
15].

III. METHODOLOGY

Suppose we are given an analytic IK implementation that
exposes the discrete and redundant self-motion but does not
support automatic differentiation. This would prevent the use
of gradient-based optimization, as we need the Jacobian of
this mapping (or some other way of computing Jacobian-
vector products) to obtain the gradient of the costs and
constraints. To resolve this issue, we can leverage the inverse
function theorem [30, Thm. 2.11] to compute the Jacobian
of IK in terms of the derivative of FK, which can easily be
computed with standard robotics toolboxes [31, 32].

Theorem 1 (Inverse Function Theorem). If a function f :
Rn → Rn is continuously differentiable at a point p and
has a full-rank Jacobian, then there is an inverse function
f−1 defined on a neighborhood of f(p), and Df(p)−1 =
D(f−1)f(p).

For a nonredundant manipulator, there is no continuous
self-motion, so the inverse of IK (restricted to a specific
κ ∈ K ) is precisely FK. For a redundant manipulator, we
call the inverse of the analytic IK function the augmented
forward kinematics (inspired by the language of Elias and
Wen [27]). We write FKA : Rn → SE(3) × Ψ × K and
restrict to a single discrete self-motion κ ∈ K ; its Jacobian
will have the block structure

DFKA(q) = (DFK(q), DFKψ(q))
T
, (2)

where FKψ maps the joint angles q to their corresponding
self-motion parameter. If certain joint angles are used to
parameterize the self motion (as done in IKFast [22]), the
rows of DFKψ(q) are standard basis vectors. For a 7DoF
arm using the shoulder-elbow-wrist parameterization, it is
still simple to compute this Jacobian [27].

Now, we can describe how to leverage the Jacobian
of the forward-kinematics mapping DFKA(q) to compute
gradients of the analytic IK mapping. Suppose we have
decision variables (X,ψ), partials (∂X∂y ,

∂ψ
∂y ) for some earlier

decision variable y. We obtain q = IK(X,ψ), and want
to compute ∂q

∂y = D IK(X,ψ)(∂X∂y ,
∂ψ
∂y )

T . Due to the IFT,
DFKA(q) = D IK(X,ψ)−1, so we solve the linear system

DFKA(q)
∂q
∂y =

(
∂X
∂y ,

∂ψ
∂y

)T
. (3)

This is faster and more numerically-stable than inverting
DFKA(q) directly. For non-reachable configurations (and
representational singularities [27]), DFKA loses rank, so we
compute a least-squares solution instead.

Example. We now discuss how to apply the IFT ma-
chinery to the constrained bimanual setup in Fig. 1. Let
qc, qs ∈ R7 be the joint angles of the controlled and
subordinate arms, Ec and Es their end-effector frames,
and let ψs ∈ R be the subordinate arm’s continuous self-
motion parameter. Let FKc be the forward kinematics of
the controlled arm and FKA refer to the augmented forward
kinematics of the subordinate arm. We compute the desired
pose of the subordinate arm’s end-effector in terms of qc
via WXEs(qc) = WXEc(qc)

EcXEs , where EcXEs is the
fixed transform between the end-effectors. Then we compute
qs = IK(WXEs(qc), ψs), obtaining the full configuration
(qc, qs) = ϕ(qc, ψs). Thus, ϕ parameterizes the constraint
manifold, and we wish to compute the derivatives ∂(qc,qs)

∂y =

Dϕ(qc, ψs)(
∂qc
∂y ,

∂ψ
∂y )

T .
The first step is to examine the Jacobian of ϕ, which tends

to have well-organized block structure

Dϕ =
∂(qc, qs)

∂(qc, ψs)
=

[
∂qc
∂qc

∂qc
∂ψs

∂qs
∂(qc,ψs)

]
(4)



=

 I7×7 07×1

∂qs

∂(WXEs ,ψs)

∂(WXEs ,ψs)

∂(qc,ψs)
,

 (5)

=

 I7×7 07×1

(DFKA(qs))
−1

[
EcXEsD FKc(qc) 06×1

01×7 11×1

]  , (6)

which is expressed in known or easily-computable quantities.
The second step is to compute the Jacobian-vector prod-

uct ∂(qc,qs)
∂y = Dϕ∂(qc,ψs)

∂y . While we could find the bot-
tom block of matrix Dϕ directly by explicitly inverting
DFKA(qc), some symbolic manipulation reveals a more
efficient strategy to uncover the derivatives ∂qs

∂y . Instead, it
is sufficient to solve the linear system

DFKA(qs)
∂qs
∂y

=

[
EcXEsDFKc(qc) 06×1

01×7 11×1

][ ∂qc
∂y
∂ψs

∂y

]
. (7)

IV. EXPERIMENTS

We evaluate the derivatives in isolation with low-level
calculations, and examine high level performance on down-
stream tasks. q̃ denotes a point in the parameterized space,
and q denotes a point in the full configuration space. All
experiment code is optimized C++, built on Drake [31].

First, we examine speed and accuracy of the derivative
calculations. We sample random reachable configurations
{q̃i}10 000

i=1 (with rejection sampling). For each configuration,
we sample random vectors of partial derivatives ∂q̃i

∂yij
∈ R2j .

For each (q̃i,
∂q̃i
∂yij

), we compute ∂qi
∂yij

via forward-mode
autodiff and our IFT technique. The mean error for each
partial size is less than 10−13, and the 95th percentile is
less than 10−12. Autodiff is fastest up to partial size 27, but
for larger partial sizes, IFT is faster, due to constant cost of
building the augmented Jacobian DFKA(q). Full numerical
results are shown in Fig. 2.

We also run downstream tasks that leverage these gradi-
ents. For all of these experiments, we compare four settings:

• Autodiff with direct reachability constraints, as in [13],
• Autodiff with probing functions, as in [15],
• IFT with zero gradients when non-reachable, and
• IFT with least squares gradients when non-reachable.

(Both IFT gradients use direct reachability constraints, as the
probing functions are unavailable.)

First, we generate convex feasible subsets of the pa-
rameterized configuration space using IrisNp2, as presented
in [33]. These regions can be used to solve motion planning
problems with graphs of convex sets [34, 35]. Next, we
solve trajectory optimization problems [28, §6.2], using
bidirectional RRT [36] plus shortcutting [37] to obtain the
initial guess. Finally, we retime trajectories from all three
planners to satisfy dynamics limits with TOPPRA [38].

Runtimes are presented in Table I. For trajopt, the switch
from probing functions to direct reachability is entirely
responsible for the runtime increase. TOPPRA does not
use reachability constraints, so the runtime increase closely
matches the low-level runtime differences. IrisNp2 sees
much higher runtime with IFT, since it frequently has to
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Fig. 2: Error (top) and runtime (bottom) of the IFT gradi-
ents, in comparison to autodiff, tested on 10 000 randomly-
sampled reachable configurations. Axes are log-scale.

TABLE I: Downstream runtimes by gradient strategy.

Gradient Method IrisNp2 Trajopt TOPPRA

Autodiff, probing functions 25.99 0.29 2.73
Autodiff, direct reachability 25.01 1.89 2.71
IFT, zero gradients 99.99 1.91 4.60
IFT, pseudoinverse 90.94 1.90 4.78

compute gradients for non-reachable configurations, where
these gradients are inaccurate. Using least-squares gradients
performs somewhat better than zero gradients, suggesting
this still provides some information to the optimizer even
at non-reachable configurations.

V. DISCUSSION

We have presented a new strategy for differentiating
through IK mappings, based on the inverse function theorem.
This avoids the potentially-prohibitive requirement to modify
analytic IK functions to support autodiff. Rigorous empirical
results demonstrate the accuracy and speed of the method,
and downstream optimization experiments confirm that the
performance decrease is a reasonable tradeoff for the greater
generality as long as a feasible initial guess is given.

Future work will examine how we can handle IK for-
mulations that simply return no solution for non-reachable
configurations, instead of the approximate solutions we rely
on here. However, recent general approaches, such as IK-
Geo [39], are designed to return least-squares solutions,
potentially allowing them to be used as-is with our method.
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