
Efficient Collision-Avoidance for Multi-Robot System with Superquadric
Models and Sum-of-Squares Approximation

Siyi Lu1, Sipu Ruan∗1

TIAGo OMNI Base

Top View Circular Model

Elliptical Model Superquadric Model

Fig. 1. Illustrative diagram of the path planning, approximating the top
view boundary of the TIAGo OMNI Base using the circular model, elliptical
model, and superquadric model.

I. INTRODUCTION

The emergence of multi-robot collision-avoidance algo-
rithms has fundamentally transformed the capability of
multi-robot systems in safe navigation, thereby facilitating
their integration into various real-world applications [1],
[2], [3]. Simultaneously, these algorithms are frequently
employed as crowd simulation tools in social navigation,
significantly influencing the development of social navigation
techniques [4], [5], [6], [7]. Traditional multi-agent colli-
sion avoidance methods frequently utilize simplified circular
models to define both robot and pedestrian boundaries [1],
[8]. However, these simplified models may suffer from un-
derestimates of the collision-avoidance space, which makes
collision avoidance algorithms conservative.

Recent advancements have introduced sophisticated
boundary definitions such as polytypic [9], elliptical [10],
[11], or superquadric models [12]. Among them, the su-
perquadric model stands out due to its superior expressive-
ness, enabling precise representation of a wide range of
shapes through adjustable parameters like semi-major and
semi-minor axes along with exponent powers. However, the
use of superquadric presents significant challenges, partic-
ularly concerning the calculation of the velocity obstacle
domain.
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Current state-of-the-art methods, proposed in [12], rely on
OpenCV’s convexHull function, which is implemented
based on Sklansky’s algorithm [13] to compute the velocity
obstacle domain. However, Sklansky’s algorithm is fraught
with inaccuracies and potential errors, as highlighted by
Toussaint [14]. These limitations undermine the reliability
of existing techniques when applied to real-world scenarios.

To address these challenges, we propose a novel
collision-avoidance multi-robot motion planning algorithm
SSCA (Collision-Avoidance for Multi-Robot System with
Superquadric Models and Sum-of-Squares Approximation)
based on superquadric models and optimization techniques
as shown in Fig. 1. Our approach leverages advanced opti-
mization methods to enhance computational efficiency and
scalability while maintaining high accuracy.

II. RESEARCH CONTENTS

A. Problem Formulation

We consider a system of n robots with irregular shapes
sharing a 2-D space, where each robot is required to complete
its own navigation task in the plane R2. The robots are
modeled using superquadric envelopes, as in [12] and [15].
Let DA|B = DrA ⊕−DrB denote the contact space between
robot A and robot B, defined as the Minkowski sum of DrA

and the reflected set −DrB . Based on DA|B , the VO VOτ
A|B

for robot A induced by robot B within a time horizon τ is:

VOτ
A|B =

{
v | ∃t ∈ [0, τ ] :: tv ∈ T (DAB , prB|A)

}
, (1)

where, prB|A = prB − prA denotes the relative position
between robot B and robot A, T (D,p) denotes the trans-
lation of the contact space D by the vector p. The joint
contact space is given by DAB = DA|B ∪DB|A, implying
that VOτ

A|B and VOτ
B|A are symmetric with respect to the

origin.

Theorem 1 (Closed-form Minkowski Sum [15]). The close-
form Minkowski sums DA|B of DrA and DrB can be
expressed as:

DA|B = DrA ⊕−DrB (2)

= RrA
˜̃
frA(mrA)

−RrB
˜̃
frB

(
−
Ψ
(
R⊤

rBR
−⊤
rA mrA

)∥∥R⊤
rBR

−⊤
rA mrA

∥∥ RT
rBR

−⊤
rA mrA

)
,

where mrA is un-normalized gradient, ˜̃
frA and ˜̃

frB map m
to the boundary DrA and DrB . ||mrB || = Ψ(mrA) can be
written in closed form, more details can be seen in [15] .



B. Sum-of-Square Polynomials for Minkowski Sum Approxi-
mation

To construct the VO, we first need to calculate the
tangent on T (DAB , prB|A) that goes through the origin
0. Differentiating Eq. (2) in its current form is nontrivial.
Hence, we seek a differentiable surrogate that approxi-
mates it accurately and is easier to handle. Inspired by
[16], we use sum-of-squares (SOS) polynomials for this
purpose. Let the monomial basis be defined as [x]d =[
1, x1, · · · , xn, · · · , xd

1, · · · , xd
n

]
. Based on the properties of

SOS polynomials, we have the following theorem.

Theorem 2 (SOS polynomial with semidefinite matrix [16]).
If f (x) is an SOS polynomial, then there exists a semidefinite
matrix G such that f (x) = [x]d G [x]

T
d .

This property enables us to reformulate the polynomial
optimization problem as a semidefinite programming (SDP)
problem, allowing us to compute an approximate Minkowski
sum via SDP as follows.

P1: min
G

− log detG (3)

s.t. 1− f (x) ≥ 0, ∀x ∈ ∂Sms. (4)

f (x) = [x]d G [x]
T
d . (5)

G ⪰ 0. (6)

where ∂Sms represents the set of points on the boundary
of the closed Minkowski sum Sms, which can be obtained
by sampling. Constraint (4) ensures the SOS polynomial
bounds the Minkowski sum. Constraints (5) and (6) enforce
that f(x) is an SOS polynomial. Since the area enclosed by
f(x) is positively correlated with detG [17], the objective
minimizes − log detG. However, the resulting f(x) from
problem P1 may not be convex, complicating subsequent
tangent calculations. To address this, we first define convex
SOS polynomials and then present the corresponding opti-
mization formulation.

Definition 1 (Convex SOS polynomial). A polynomial
f (x) is a convex SOS polynomial if the following holds
u∇2f (x)uT ∈ Px,u, where x,u ∈ Rn. Px,u is the set
of SOS polynomials whose independent variables are x,u.

Definition 2 ensures that u∇2f (x)uT is an SOS poly-
nomial, such that the Hessian matrix ∇2f (x) of f (x) is
positive semi-definite, thereby making f (x) convex. Since
u∇2f (x)uT can be expressed as

u∇2f (x)uT = [x,u]d M [x,u]
T
d , (7)

where [x,u]d = [1, x1, · · · , xn, · · · , xd
1, · · · , xd

n, u1, · · · ,
un, · · · , ud

1, · · · , ud
n]. If u∇2f (x)uT ∈ Px,u, we have

[x,u]d M [x,u]
T
d ∈ Px,u, that is, M ⪰ 0. So we transform

P1 into P2 and get the SDP problem of convex SOS
polynomial as follows.

P2: min
G,M

− log detG (8)

s.t. (4), (5), (6), (7),M ⪰ 0.

Since the constraints and objective function of the problem
P2 can be expressed using a solver such as Mosek [18],
they can be effectively solved. After solving, we obtain an
approximate equation f (x) for the Minkowski sum Sro. For
convenience, we will use f (x) to represent the approximate
Minkowski sum in the following text.

C. Penalty Function-Based Tangent Lines Computation

For x = [x, y] ∈ R2, given a point x0 and the approximate
equation f (x), to find the tangent line of f (x) at x0, we first
need to compute the gradient ∇f (x). For the line passing
through x0 to be tangent to f (x), it must satisfy F1(x, y) :=
∂f
∂x (x, y) (x− x0) +

∂f
∂y (x, y) (y − y0) = 0. Moreover, the

tangent point x must also lie on f (x), which is expressed as
F2(x, y) := f (x)− 1 = 0. So, solving the following system
of nonlinear equations will yield a point x on f (x) such that
the line connecting the points x and x0 is tangent to f (x){

∂f
∂x (x, y) (x− x0) +

∂f
∂y (x, y) (y − y0) = 0,

f (x)− 1 = 0.
(9)

We propose using the Newton-Raphson method [19] to
solve these higher-degree nonlinear equations. Using gra-
dient information of a function can speed up the search
for feasible solutions compared to directly searching on the
Minkowski sum. To ensure finding two different tangents,
we transform the problem of solving nonlinear equation
system (9) into optimization problems P3 and P4.

P3/P4: min
(x,y)

2∑
i=1

||Fi(x, y)||2 (10)

s.t. y − y0 −
y0 − yc
x0 − xc

(x− x0) > 0 (of P3) (11)

y − y0 −
y0 − yc
x0 − xc

(x− x0) < 0 (of P4) (12)

where (xc, yc) is the center of f (x). Problems P3 and P4
aim to compute the points (x, y) on either side of the line
connecting the center of the approximate Minkowski sum
and a given point that minimize

∑2
i=1 ||Fi(x, y)||2. Since

we know in advance that these two tangent points must lie
on opposite sides of this line, solving problems P3 and P4
will yield the corresponding two tangents.

The solutions to problems P3 and P4 can be obtained
using the penalty function method. By introducing a constant
β, these constrained optimization problems are transformed
into unconstrained optimization problems, namely problems
P5 and P6.

P5: min
(x,y)

2∑
i=1

||Fi(x, y)||2+
1

β
log[−(y−y0−

y0 − yc
x0 − xc

(x−x0))].

(13)

P6: min
(x,y)

2∑
i=1

||Fi(x, y)||2+
1

β
log[y−y0−

y0 − yc
x0 − xc

(x−x0)].

(14)
Thus, by solving problems P5 and P6, we can effectively
find the two distinct tangent points required.



D. Solving for Minimum Velocity Change

After obtaining the two contact points pa = (xa, ya)
and pb = (xb, yb) of the velocity collision domain,
we draw a straight line lab passing through these
points. Let P(p,pa,pb) = [(p− pa)× (pb − pa)] ·
[(p0 − pa)× (pb − pa)]. The boundary of the velocity col-
lision domain fvo(x, y) ≤ 1 is composed of two segments:
the Minkowski sum boundary on the origin side of the
straight line lab and the tangent lines on the other side. If the
relative velocity (xp, yp) falls within the velocity collision
domain, finding the position on the curve f0(x, y) = 1 of the
Minkowski sum boundary on the origin side of the straight
line lab that is closest to (xp, yp) is equivalent to solving P7.

P7: min
p=(x,y)

(x− xp)
2 + (y − yp)

2 (15)

s.t. f0(x, y) = 1 (16)
P(p,pa,pb) ≥ 0 (17)

where p = (x, y), p0 is the origin.
Next, solve another problem: finding the position on the

two tangent lines f1(x, y) = 1 and f2(x, y) = 1 on the
other side of the straight line lab that is closest to (xp, yp)
is equivalent to solving P8 and P9.

P8/P9: min
p=(x,y)

(x− xp)
2 + (y − yp)

2 (18)

s.t. f1(x, y) = 1 (of P8) (19)
f2(x, y) = 1 (of P9) (20)
P(p,pa,pb) ≤ 0 (of P8) (21)
P(p,pa,pb) ≤ 0 (of P9) (22)

Note that the objective function (x−xp)
2+(y−yp)

2 in P7
is convex, while the constraint f0(x, y) = 1 is non-convex.
Therefore, P7 is an optimization problem with non-convex
equality constraints. However, the constraint f0(x, y) = 1
can be modified to f0(x, y) ≥ 1. Since f0(x, y) ≥ 1
has strong convexity (as we added a convex constraint in
P2), the modified problem becomes a convex problem. It
is known that the optimal solution must lie on the curve,
so the optimal solution remains unchanged. The problem is
thus transformed into

P10: min
p=(x,y)

(x− xp)
2 + (y − yp)

2 +
1

β
log[P(p,pa,pb)]

s.t. f0(x, y) ≥ 1, (23)

P10 can be solved using a general solver or gradient descent
method. Then, compare the minimum velocity changes ob-
tained from solving P8, P9, and P10 separately, and select
the smallest velocity change as the final velocity change.

III. SIMULATION RESULTS

A. Navigation Travel Time and Average Speed

The detailed results are reported in Table I, where the best-
performing values in each scenario are highlighted in bold
and underlined. The results show that when the number of
robots was two, all three algorithms achieved comparable
travel times. As the number of robots increased, however,

TABLE I
NUMERICAL COMPARISON OF TRAJECTORY LENGTH AND AVERAGE

SPEED BETWEEN SSCA AND BASELINE ALGORITHMS (ORCA AND

RL-RVO) UNDER DIFFERENT NUMBER OF ROBOTS (N ) AND ASPECT

RATIO (ar,1/ar,2)

Algorithms N = 6, ar,1/ar,2 = 7 N = 6, ar,1/ar,2 = 10

Travel Time Average Speed Travel Time Average Speed

ORCA 111.16±10.67 0.62±0.06 114.5±17.05 0.62±0.07
RL-RVO 140.85±22.49 0.51±0.14 131.54±28.84 0.51±0.18

SSCA (ours) 108.89±6.49 0.65±0.07 112.5±10.85 0.69±0.14

Algorithms N = 8, ar,1/ar,2 = 7 N = 8, ar,1/ar,2 = 10

Travel Time Average Speed Travel Time Average Speed

ORCA 124.69±24.05 0.62±0.13 120.74±15.24 0.61±0.08
RL-RVO 155.96±30.18 0.43±0.16 172.75±47.65 0.36±0.13

SSCA (ours) 117.33±14.93 0.72±0.14 115.20±10.32 0.76±0.17

Fig. 2. The success rates of three multi-robot navigation algorithms.

SSCA consistently outperformed the baselines. In the four-
robot scenarios, SSCA reduced travel time by up to 6.67%
relative to ORCA and 15.75% relative to RL-RVO. In the
six-robot scenarios, the reductions were 9.27% and 27.45%,
respectively. The improvement was most pronounced in the
eight-robot cases, where SSCA achieved up to 11.97% lower
travel time compared with ORCA and 33.32% lower com-
pared with RL-RVO. These results indicate that the efficiency
advantage of SSCA grows with increasing robot density.

B. Navigation Success Rate

The results are summarized in Fig. 2, where a color
gradient from red to blue indicates success rates from 0
to 1. The simulation varied both the number of robots and
the aspect ratios of their superquadric models. RL-RVO
consistently yielded the lowest success rates, dropping below
50% in some cases. This poor performance is due to a
fundamental mismatch between its circular agent model and
the precise goal-reaching requirements of the superquadric-
based environment. In contrast, SSCA demonstrated a clear
advantage over ORCA, achieving equal or higher success
rates in 16 out of 20 scenarios. This improvement is at-
tributed to SSCA’s more accurate shape representation, which
effectively mitigates the deadlocks commonly induced by
circular approximations.
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