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Abstract— We propose a symmetry-aware conformal
prediction-based algorithm that constructs, for a given action,
a set guaranteed to contain the resulting system configuration
at a user-defined probability. Our assurance holds under both
aleatoric and epistemic uncertainty, non-asymptotically, and does
not require strong assumptions about the true system dynamics,
the uncertainty sources, or the quality of the approximate
dynamics model. Typically, uncertainty quantification is tackled
by making strong assumptions about the error distribution
or magnitude, or by relying on uncalibrated uncertainty
estimates — i.e., with no link to frequentist probabilities —
which are insufficient for safe control. Recently, conformal
prediction has emerged as a statistical framework capable of
providing distribution-free probabilistic guarantees on test-time
prediction accuracy. While current conformal methods treat
robot configurations as Euclidean points, many systems have
non-Euclidean configurations, e.g., some mobile robots have
SE(2). In this work, we rigorously analyze configuration errors
using Lie groups, extending previous Euclidean space theoretical
guarantees to SFE(2). Our experiments on a simulated JetBot,
and on a real MBot, suggest that by considering the configuration
space’s structure, our symmetry-informed nonconformity score
leads to more volume-efficient prediction regions which represent
the underlying uncertainty better than existing approaches.

I. INTRODUCTION
Robotic systems operate under both aleatoric uncertainty

(e.g., external disturbances) and epistemic uncertainty (e.g.,
mismatch due to assumptions like “no-slip”’), while using
imperfect dynamics models for planning. Control methods
often make strong distributional assumptions on the dynamics
error (e.g., Gaussianity, known max bounds, determinism) [1],
[2], [3], [4] which may not hold in practice. Conversely, data-
driven approaches enable (almost) assumptionless estimation
— be it via ensembles [5], posterior variances [6], reconstruc-
tion losses [7], etc. — typically at the cost of looser guarantees
due to reliance on uncalibrated uncertainty estimates, i.e.,
that cannot be interpreted as likelihoods. Despite impressive
results, providing rigorous test-time distribution-free cali-
brated uncertainty predictions (provably containing the true
unobserved labels at the specified likelihood) when given
inaccurate dynamics models and subject to uncharacterized
external disturbances remains an active research problem.
Conformal Prediction (CP) is a data-driven uncertainty-
quantification framework enabling the construction of predic-
tion regions that contain the true unknown system state at
a given user-set probability. However, current CP methods
treat states as Euclidean vectors and consider point-prediction
models [8], [9], [10], resulting in convex prediction regions
that can be volume-inefficient, requiring large sets to achieve
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Fig. 1. Our proposed algorithm (CLAPS) constructs prediction regions C9
(in C-Space) that are marginally guaranteed to contain the next unknown
system configuration at a user-set probability (1 — «). By considering the
robot’s symmetry, we can construct more efficient prediction regions.

Overly-conservative

the target probability. This limits the downstream applicability
of CP for safe controﬂ We derive tighter prediction regions
by accounting for the configuration space’s inherent symmetry
in a theoretically grounded way. In state estimation, Lie
groups have been used to represent and propagate robotic
configuration uncertainty [11], [12], [13], [14], improving
convergence guarantees, speed, and better representing the
underlying uncertainty that state-space (SS) alternatives.
However, the Invariant EKF (InEKF) uncertainty estimates are
still uncalibrated, being insufficient for provably safe control.
We propose Conformal Lie-group Action Prediction Sets
(CLAPS), a CP-based algorithm that uses a dataset of state
transitions to calibrate the uncertainty estimates provided by
approximate dynamics models. CLAPS can be applied as a
post-hoc calibration layer on top of existing Lie-algebraic
Gaussian uncertainty estimators, turning approximate co-
variances into provably calibrated ones. Our contributions
are: 1) introducing an algorithm that, given an approxi-
mate dynamics model estimating prediction uncertainty as
Gaussian, constructs state- and action-dependent calibrated
prediction sets in SE(2) that provably (marginally) contain
the resulting configuration; 2) simulation and hardware
experiments demonstrating an increase in prediction region
volume-efficiency and representation quality.

UIf an action is deemed probabilistically safe when its resulting prediction
region is collision-free, then region inefficiency reduces the set of safe
actions, potentially also impacting task speed and other metrics
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Fig. 2. Conformal Lie-group Action Prediction Sets | Offline: a dataset of state transitions is used jointly with an approximate dynamical model to derive
a rigorous symmetry-aware probabilistic error bound on the configuration predictions. Online: our algorithm takes in a desired action ug.s and computes a
calibrated C-Space prediction region C9 that is marginally guaranteed to contain the true configuration resulting from executing uges-

II. PROBLEM STATEMENT

Let ¢ € Q be the C-Space configuration, ¢ € T;Q be the
generalized velocity, and s := (q,§) € T'Q the state. Let the
kinematics map K : Q — G map generalized coordinates
q to Lie group elements ¢ € G. We use the standard
notations [15], [16], [17] of Lie algebra g, vee operator
()Y : g — R?, wedge operator (-)" : R? — g, left group
multiplication Ly : h — gh,Vg,h € G, matrix exponential
exp,, : 8 — G, matrix logarithm log,, : G — g, exponential
exp : RY — G ¢ — exp,,(¢") = g, and logarithm log :
G — Reg s log,,(g)V = & We write the true unknown
dynamics as sgy+1 = f(Sg, Uk, wg), Wi ~ Proise, Where f
is an unknown deterministic function, wy, is a stochastic term
drawn iid from an unknown distribution P,,,;se, and u, € R™
is the control. Without restricting wy, or f, we only consider
approximate models f with prediction uncertainty modeled as
Gaussian. To make uncertainty quantification tractable without
imposing strong error assumptions, we assume access to an
uncorrupted dataset of transitions.

Assumption 1: We are given dataset of transitions
Do = {(8k, Uk, Sk+1) }1:n, collected from the same tran-
sition distribution Py,;, observed at execution time.

D, is exchangeable with the test-time transitions
(sk,uk,skH)EL which is milder than iid (iid = exchange-
able). While this implies access to test-time conditions,
our theoretical guarantees are non-asymptotic. For a given
admissible action ug.5, we provide a C-Space prediction
region C? C Q provably containing the resulting true unknown
system configuration ¢; at a user-defined probability (1 — ),
ie. P(g; € C?) > (1 — ), where a € (0,1) is the user-set
acceptable failure-probability. While achieving the above is
trivial, e.g., by predicting C? Q, we want C? to be as
volume-efficient as possible.

ITII. CLAPS
We construct calibrated prediction regions that provably

contain the unknown robot configuration ¢; at the specified

2A random vector Deq; U (Sk,uk,Skt1) = (SkyUksSk+1)1:N+1 IS
exchangeable if its elements are equally likely to appear in any ordering.

likelihood (see Fig. . Given sg = (go0,&0) and a commanded
action wuges, f returns an expected next state (gi,&1) =

E[f (g0, 0,u0)] and an estimated uncertainty covariance 3
on the Lie algebra. A natural error metric is the group
difference E; := g; Lg1 € G, or its projection to exponential
coordinates e; := log(E1) € R?. Yet, this point-wise metric
that does not account for the estimated uncertainty. We thus
define our symmetry-based uncertainty-aware non-conformity
score r; as the Mahalanobis Distance between configuration

g and the Gaussian Prediction (§1,%1), i.e., r1(g;G1,21) =

\/1og(g;1g)Ti;110g(gflg). By looping over each item
in D4 and calculating its score r1, we can build a set of
scalars R.,; and calculate the CP threshold ¢, € R, which
is the [(1 — «)(n + 1)] largest element of R.,. We then
calibrate the approximate uncertainty prediction N (0, il)
in exponential coordinates, by scaling its covariance through
the conformal scaling factor ¢ == ¢2/x2(dimg) € R into
N(O,Cf]l Then the (1 — ) confidence region of N (0,(¥1)
will contain at least 100(1 — «)% of the true unknown ej.
Theorem 1 (Thm 2 of [17]): Let C’ be the 100(1 — a)%
confidence region of N(0,¢%;). Then P(e; € C') > (1 —a).
While this guarantees the marginal probabilistic contain-
ment of the true unknown error vector e; in exponential
coordinates, we aim to contain the true configuration ¢; in
C4. To bridge this gap, we consider how e; propagates to

a O" exp,, Lg, K1
C-Space: R g g g Q. We can relate
e1 to group configurations using ¢(e1) = L, o exp(eq)
g1 exp(log(3; ' 91)) = G197 g1 = g1. To ensure C’ lies in the
bijective domain, we can clip the region as C := C'NUY, lead-
ing to C®P := ¢(C). We can then use set relations to show:
Theorem 2: Let ¢, C*P be defined as above and C C R¢.
It follows that P(g; € C**P) = P(e; € C).
The preimage K, K !, transports from G to Q. Thus:
Theorem 3: Let g1 := K(q1). For C**P C G, its preimage
is C? := K—1(C®P). Then P(q; € C?) = P(g, € C*P).

3x2 (dim g) denotes the (1 — «)-quantile of the x2 distribution of dimension
dim g. See [17] for more intuition into the scaling factor (.



IV. EXPERIMENTS & DISCUSSION

We evaluated our method on second-order unicycles with
configuration in SFE(2). The true dynamics are unknown,
inertial properties are estimated with standard system
identification, and both systems are subject to aleatoric
distubances. Besides the errors introduced by sysID, epistemic
uncertainty is present due to effects unmodeled by f. We
compare CLAPS with 7 baselines. All methods share the
an uncalibrated initial uncertainty. Results show prediction
regions and Monte Carlo (MC) particles after At = 0.5 sec.
SS EKEF uses State-Space dynamics, resulting in ellipsoidal
C4. The InEKF propagates a Gaussian uncertainty on the Lie
algebra. These baselines do not consider D.,;. INEKF+2M
uses the uncentered second moment of the one-step
configuration errors e; in D.4; as its uncertainty estimate,
and InEKF+MLE fits both a bias correction and a centered
covariance to the e; in D.,. None of the four methods
above provide guarantees on C? containing the future system
configuration, thus being unsuitable for safety-critical control.
SS PP + CP is a common approach [8], [9], [18], [19] using
a point-prediction (PP) ¢; and using the L2 distance as score.
Lie PP + CP is a naive extension, calculating the L2 distance
in the Lie algebra instead of SS. SS EKF + CP [17] performs
uncertainty-aware calibration in a Euclidean C-Space, using
the Mahalanobis distance as score. Our proposed approach,
can be interpreted as a provably-correct symmetry-aware
calibration of InEKF. We use a = 0.1 in all experiments.

Simulation (JetBot Fig. |Z|): The calibration dataset D,
was collected by spanning a configuration-velocity-action grid,
totalling |D.q;| = 40,500. The validation set spanned the
same range with fewer elements, resulting in 625 cases. For
each validation, we propagate 100k simulated robots to esti-
mate empirical coverage, i.e., the probability that a system un-
der the true unknown stochastic dynamics produces configura-
tions in the prediction region C?. By averaging this metric over
the 625 trials we estimate marginal coverage. Fig.[3]shows the
workspace footprint of C?, which could be used for probabilis-
tic obstacle avoidance. Both figures qualitatively demonstrate
CLAPS ability to fit the underlying system uncertainty
(represented by MC samples). This is supported CLAPS’

== InEKF + MLE
= INEKF
A)

INEKF + 2M
CLAPS

—— SS EKF
— = SSPP+CP

SS EKF + CP
-+ Lie PP + CP

o Monte Carlo Mean

Y (m)

-0.01 —0.05

—-0.02

-0.10

-0.03

-0.15

—-0.04

. /)
004 005 0.06 007 0.08 020 025 030
X (m)

X (m)

Fig. 3. Workspace (R2) Marginalization of the C-Space regions generated
by all the methods, over two JetBot trials. INEKF+MLE has g1 as gray
dot, other methods as blue dot. PP methods generate large regions with
boundaries outside margins. SS EKF, InEKF, InEKF+2M, and InEKF+MLE
are not guaranteed to contain the resulting configuration at the user-set
likelihood. Qualitatively, CLAPS appears to more accurately represent the
underlying uncertainty distribution than the symmetry-unaware baselines.

TABLE I
JETBOT (SIMULATION) RESULTS (OVER 625 VALIDATION TRIALS)

Algorithm Marginal Avg. ) Ayg. Wor'kspace ToU| Provable
Coverage (%) | Volume Ratio | | with Particles (%) 1 | Guarantees?
SS EKF 78.7 0.63 35.0 X
InEKF 82.7 0.47 41.8 X
InEKF+2M 89.2 3.06 40.0 X
InEKF+MLE 90.3 2.80 423 X
SS PP + CP 89.9 2137 0.20 v
Lie PP + CP 89.9 2138 0.20 v
SS EKF + CP 91.2 2.86 30.4 v
CLAPS 90.0 1.00 48.4 v

red if coverage does not achieve (<) the user-set probability (1 — «) = 0.9.
The average volume ratio is reported relative to CLAPS.
larger Workspace Intersection-over-Union (IoU) with the true
dynamics MC samples (see Table 1). The uncalibrated SS
EKF and InEKF fail to satisfy the user-set specification (due to
model mismatch). INEKF+2M and InEKF+MLE estimate the
same uncertainty for all initial velocities and u4es, becoming
volume inefficient. CP methods achieve at least (1 — )% cov-
erage, as expected. Algorithms with L2 scores construct large
ball-shaped C9, making them impractical. Our method pro-
duces efficient banana shaped regions containing a satisfactory
probability mass of the future configurations — CLAPS’ C?
has smaller C-Space volumes than all calibrated baselines in
the 625 validation trials we tested and achieves the highest av-
erage IoU with the MC Particles. These trials supported Theo-
rems 1-3, with the MC particles satisfying e; € C = g1 € C9.
Hardware (MBot Fig. [I): The robot’s pose and velocity
were estimated using Motion Capture. Calibration and val-
idation data were collected by randomly sampling u.s and
holding it for At. We shuffled the data, allocating 5% for
calibration (| D.q;|= 237), which corresponds to ~ 2 min of
driving, and leaving 4511 transitions for validation. Table 2
shows the results. In this low-data experiment, the approx-
imate estimators failed to achieve the user-set requirement,
while the CP methods satisfied it — as expected from the finite-
sample guarantees. CLAPS produced a smaller average C9
than all calibrated baselines, demonstrating its volume effi-
ciency in real situations. Compared to SS EKF + CP, CLAPS’
regions were on average 23% smaller and up to 75% smaller.

V. CONCLUSION
We proposed an algorithm enabling the construction

calibrated prediction regions under aleatoric and epistemic
uncertainty. By considering the robot’s symmetry, our regions
appear to be more volume-efficient and a better representation
of the underlying uncertainty than existing approaches, ex-
tending CP guarantees from Euclidean space to S E(2) robots.

TABLE II
MBoT (HARDWARE) COVERAGE, VOLUME (4511 VALIDATION TRIALS)
) SS InEKF | InEKF | SS PP | Lic PP|SS EKF
Algorithm | gy | InERF o | MLE |+ P | + P | +cp |CLAPS
Marginal |73 51 706 | g74 | 869 | 905 | 90.5 | 91.8 | 904
Coverage (%)
Avg. Volume | 35 | 57 | 008 | 005 | 200 | 200 | 1.30 1.0
Ratio |
Provable |, |y X X v v v v
Guarantees?

red if coverage does not achieve (<) the user-set probability (1 — «) = 0.9.
The average volume ratio is reported relative to CLAPS.
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