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Abstract— Modeling continuum systems is challenging due
to their infinite-dimensional nature, leading most approaches
to rely on discretizations that introduce bias and reduce
generalization. This paper introduces Lagrangian neural fields,
a neural architecture that learns finite-dimensional Lagrangian
surrogate models of infinite-dimensional continuum dynamics.
By taking a geometric perspective on continuum mechanics and
building on recent neural implicit representations, Lagrangian
neural fields learns physically-consistent and discretization-
agnostic reduced-order models. Our experiment showcase their
potential in enabling reliable long-term predictions of infinite-
dimensional dynamical systems.

I. INTRODUCTION

Modeling the dynamics of high-dimensional physical sys-
tems remains a key challenge in robotics, especially for de-
formable objects and soft robots [1]. Such systems evolve on
highly non-linear, infinite-dimensional configuration spaces
that are notoriously hard to model. The existing literature
coalesces around the few following key paradigms. Mesh-
based approaches represent states via grids, particles [2], or
graphs [3]-[5], employing convolutional [6] and graph neural
networks. While capable of handling irregular domains, these
approaches typically disregard fundamental physics laws
and suffer from mesh-dependent biases, exhibiting limited
generalization across resolutions and geometries.

Physics-informed neural networks incorporate physical
priors using Lagrangian [7]-[9] or Hamiltonian formula-
tions [10], enforcing conservation laws and improving data
efficiency. However, they are restricted to finite-dimensional
systems, often low-dimensional in practice, or rely on
explicit spatial discretization for high-dimensional exten-
sions [11], [12]. As for mesh-based approaches, this con-
strains the learned dynamics to a particular resolution,
thereby hindering both transferability and applicability to
infinite-dimensional systems. Operator learning addresses
these limitations by learning mappings between function
spaces [13]. The two dominant paradigms in this area, i.e.,
DeepONets [14] and Fourier neural operators (FNOs) [15],
are constrained to specific discretization structures for evalu-
ation and mostly rely on implicit linear dimensionality reduc-
tion with limited expressivity [16]. More recent approaches
leverage continuous representations from transformers [17],
[18] and implicit neural representation (INR) [19]-[21] to
alleviate the dependency on predefined discretization. How-
ever, classical operator learning often disregards physical
laws, relying instead on generic operator approximation
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Fig. 1. Geometry of continuum mechanics. Lagrangian neural fields learn
a physically-consistent, finite-dimensional surrogate model of the infinite-
dimensional continuum dynamics via an embedding ¢ and a reduction p.

principles and universal functional approximation theorems.
While this ensures high flexibility, it leads to low data
efficiency compared to physics-informed approaches [22].
Model order reduction (MOR) constructs low-
dimensional surrogates, also known as reduced-order
models (ROMs), of high-dimensional physical systems [23].
Linear projections-based ROMs [24], [25] are increasingly
giving way to non-linear models [26], [27], predominantly
using autoencoders [28]-[30] or INRs [20], [31]. Structure-
preserving MOR [24] retains the Lagrangian or Hamiltonian
structure of the full-order model (FOM) in the ROM,
thereby ensuring physical consistency. While most structure-
preserving MOR methods are intrusive as they assume a
fully-known FOM [25], [28], [30], [32], recent extensions
consider unknown FOM dynamic parameters [11], [12],
[33]. MOR relies on explicit dimensionality reduction in
state space, while operator learning implicitly learns reduced
function representations through network architecture.
Taking inspiration from INR-based operator learning [21]
and structure-preserving Lagrangian MOR [11], [34], we
propose Lagrangian neural fields, a neural architecture that
learns physically-consistent ROMs of infinite-dimensional
dynamical systems. Taking a geometric perspective on con-
tinuum mechanics, we represent the dynamics of deformable
objects on the infinite-dimensional manifold of embeddings.
Our contributions are twofold: (/) We derive a structure-
preserving and discretization-independent ROM for contin-
uum mechanics yielding low-dimensional Lagrangian dy-
namics; and (2) We design an intrusive INR-based ROM that
ensures both physical consistency and discretization indepen-
dence. We validate the proposed Lagrangian neural fields on
a toy infinite-dimensional system, showcasing its ability to
accurately capture structure-preserving reduced dynamics.

II. GEOMETRY OF CONTINUUM MECHANICS

Geometric mechanics [35], [36] represents the configura-
tion space as a smooth manifold Q [37], [38]. The system



states evolve on the tangent bundle (g, ) € T Q, with ¢€ Q
and g € 7,Q denoting generalized positions and velocities, re-
spectively. Generalized forces 7 € 7,°Q belong to the cotan-
gent bundle 7*Q. The system dynamics correspond to vector
fields on 7 Q, whose integral curves are system trajectories.
We follow the formulation for infinite-dimensional dynamics,
which encompasses the finite-dimensional case [35].

A Lagrangian system is a tuple (Q, £) of a configuration
manifold ©Q and a smooth functional £ : TQ — R. Its
dynamics follow from the Euler-Lagrange equations
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A quadratic kinetic energy in ¢ induces a Riemannian metric
on Q, effectively geometricizing the system’s inertia [35].
Continuum mechanics describes deformable systems, such
as soft robots and elastic objects, which both translate
and deform under applied forces. These systems can be
formulated geometrically as Lagrangian systems [39]-[41].
Formally, we represent the reference configuration of an elas-
tic body as an assembly of particles constituting a compact,
orientable smooth manifold 3 with boundary d55. The body
deforms in an ambient space, i.e., the real-world, A = R3.
A configuration of the elastic body corresponds to a map
q:B— A, assigning a spatial position x € A to each material
point X € B, see Fig. 1. Restricting ¢ to the Fréchet manifold
of smooth embeddings Q@ = Emb™>(B,.A4) [42] ensures
injectivity, enforcing non-interpenetration of matter [39]. In
this setting, tangent and cotangent vectors are velocity fields
and force densities, respectively. Continuum dynamics are
governed by Lagrangian mechanics [36] and characterized
by the Lagrangian functional defined as

T(0.0) = 3 [ sl dx. ®
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where wp : B — R™T is the mass density and W,U:B—R
are the internal and external potential energy densities. The
kinetic energy (3) induces the Riemannian metric

mg(u,v) = /Bwo(X) u(X) - v(X)dX, (5)

with - denoting the inner product in A, corresponding to the
wo-weighted L? inner product. The Euler-Lagrange equa-
tions (1), in strong form, lead to the equations of motion
for continuum mechanics [43]. Note that, in the finite-
dimensional case, (2)-(5) recover the well-known Lagrangian
L(g,q)= TM( )g + V(q), with ¢, ¢ and m,, correspond-
ing to generahzed coordinates q, velocities g, and mass-
inertia matrix M (q), respectively.
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III. LAGRANGIAN NEURAL FIELDS

In this section, we present Lagrangian neural fields, a
neural architecture that learns structure-preserving ROMs
of continuum systems by combining geometric MOR with
INRs. The overall pipeline is illustrated in Fig. 2.

A. Structure-preserving MOR for Continuum Mechanics

First, we extend structure-preserving Lagrangian MOR
to continuum mechanics. Formally, we define a structure-
preserving ROM of an infinite-dimensional Lagrangian sys-
tems (Q, L) with @ = Emb*™(B,.A) as a reduced, finite-
dimensional Lagrangian system (Q, £). Following [34], we
characterize the ROM by a smooth embedding ¢g : 0-Q
learned such that the image of its lifted map ¢:7Q—TQ
approximates the trajectories of the FOM, and an associated
reduction map pg : Q — o) (see Fig. 1). As in the finite-
dimensional case [24], [34] L is constructed as the pullback
L = L o ¢. Moreover, Q and g are obtained such that
wop:TQ— o(TQ) defines a projection, i.e.,

Ensuring invariance of ¢ (Q) under the lift—project operator
and consistency of the induced dynamics across projections.

Next, we derive the equations of motions of the reduced
system (Q,L) as a function of the infinite-dimensional
dynamics of (Q,L). The pullback £ implies that the
reduced trajectories satisfy the principle of least action
§f L£(q, G)dt=0, with variations dg=dpg|4q constrained
to (7 Q). Taking variations and integrating in time yields

(dpolq)* F(ra(q)) =0, @)

where F(q) € T,;Q is the residual of (1), and (-)* denotes

the adjoint [44]. Expanding (7) yields a reduced Lagrangian

composed of the reduced potential V(¢) =V oo (q) and the

reduced quadratic kinetic energy inducing the pullback met-

ric 1hg(w, ©) = myg(q) (dpolq, dpolq®). In coordinates,

the reduced equations of motion take the form
M(q)q+¢(q,q) +4(4) =0, with (®)

1)

S dpo(q) 9¢a(q)
M(q)i —/Bwo d: 24, X, 9

é(d,q)i = {/B wo 3saagq§d) 38:2%% } diqr, (10)
" vmso@(q))-a“”;qf’] o

We emphasize that (8) retains exactly the form of the equa-
tions of motion of finite-dimensional mechanical systems.

B. Model Architecture and Training

Next, we learn the mappings o and pg from discrete
trajectory samples with no assumption on the spatial obser-
vation grid & = {X }lj/ill. We consider the intrusive MOR
case and assume known continuum dynamics parameters.

We parameterize the embedding ¢o via a modulated
SIREN [21], [45], [46], a discretization-independent INR that
has shown promising results in both MOR [31] and operator
learning [21]. Here, we train a modulated SIREN

fo,6(9)(X), (12)

vo(q,X) =
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Fig. 2. Flowchart of the forward dynamics of Lagrangian neural fields.

to map material X € B and reduced coordinates ¢ € 0 to
positions © € A. Importantly po(q) is analytically differ-
entiable in both ¢ and X, enabling closed-form expressions
of the derivative terms in (9)-(11).

In order to fulfill the projection property (6), we assume
the lifted reduction map p = (pg,dpg) to be the wo-
orthogonal projection on (7 Q), implicitly defined by

(13)
(14)

. 2
pa(q) = argmingc o ¢ — vo(d)lly, »

dpgleo(q) = (dealg) ™,
where (-)T*“0 denotes the wo-weighted generalized inverse.

We obtain an approximation p(q,pg) of the reduction
po (13) via K auto-decoding steps [47]

G = gV _ av, g(

o(d* ).

15)

with G(®) =0, learning rate & € R, and reconstruction loss
| X

(q1,q2) = 7 2 Zwo Mar(X;) = (XHIIP. a6)

We train the network (12) using the composite loss
g, 00) = '(a,:(0: p0)) + (¢, 00),  (I7)

where /" promotes reconstruction accuracy and
2

P(q,00) = Hﬁ(qug) - ﬁ(qvwg(ﬁ(q,wg))) Hm (18)

imposes the projection property (6) as a soft constraint.
Training is performed by minimizing (17) with respect to
the SIREN parameters, where p(q, ¢ o) is treated as a differ-
entiable function by unrolling and applying backpropagation
through the K gradient descent steps (15). During training,
the loss is computed on each snapshot independently. At
inference, the initial condition is projected onto TO as
(do &) = (la(to), 90), (dpolg,) ™ d(to)). The reduced
dynamics (8) are then integrated forward in time, and the
configuration is reconstructed via ¢ g, as shown in Fig. 2.

IV. EXPERIMENTS

We evaluate Lagrangian neural fields on a synthetic exam-
ple. We consider an infinite-dimensional system constructed
by lifting the dynamics of a 1-DoF pendulum with angle
6 into Q = L?(Q), Q = [~1,1]2. We construct the field
observations as q(X,t)=u(X)6(t) via a normalized tensor
product of Legendre polynomials u on §2, so that the dynam-
ics effectively lie on a 1-dimensional embedded manifold
Q C Q. We equip this Hilbert manifold with the Lagrangian
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Fig. 3. Experimental results on a synthetic example. Top: Comparison
between predicted (=) and projected (= =) position, and energies. ()
indicates the training horizon. Bortom: predicted fields on €2 and associated
absolute errors, both before and after the training horizon of 2.5s.

functional £(q, ¢) = meQHQH 2+mgl (1 — cos({(g,u)r2)),
where (fyuypz = fQ x) dz. Under the identification

= (f, > 12, this functlonal is exactly equivalent to the
1—D0F pendulum Lagrangian. The ambient space L?(€2) is
therefore interpreted as a Hilbert manifold equipped with
the weighted L? metric induced by the kinetic energy
mg(u,v) = ml?{u,v)r2. As such, this construction yields
an analytically-tractable and well-reducible benchmark.

We simulate a pendulum with parameters m=/¢=1 and
g=9.81 over t € [0,5]. We generate 100 timesteps per tra-
jectory, each obtained from independent uniformly-sampled
initial conditions. Training data are obtained by lifting the
pendulum trajectories using tensorized Legendre polynomi-
als of degree (3,4) on a 64 x 64 grid. During training,
observations are restricted to 25% of a 32x32 grid, which is
fixed for each trajectory but varies across samples. We use
the first 50 timesteps for training and the remaining 50 for
testing. At test time, predictions are evaluated over all 100
timesteps on the full 64 x 64 grid, assessing both temporal
and spatial extrapolation. The embedding is modeled by a
modulated SIREN with latent dimension d = 1, depth 2,
width 256, and vy =30, with shift modulation via a 1-layer
hypernetwork of width 128. The reduction is performed via
3 auto-decoding steps with learned step size «, as in [21].

Fig. 3 shows representative results. The top panel shows
the that latent reduced dynamics evolved in Q closely match
the projected FOM dynamics, thereby validating the reduced
model. Moreover, the accurate recovery of kinetic and po-
tential energies validates its structure-preserving properties.
The bottom panel demonstrates high-quality reconstruction
on a finer grid than trained on, validating the discretization
agnostic character of the learned representation. Finally,
evaluations beyond the training time horizon showcases the
temporal extrapolation capabilities of the model.

Position
S

Absolute error

V. CONCLUSIONS AND FUTURE WORK

We presented Lagrangian neural fields, a structure-
preserving, discretization-agnostic MOR framework for
modeling the infinite-dimensional dynamics of continuum
mechanical systems. Future work will focus on extensions to
non-conservative forces and to the non-intrusive regime, as
well as on validations on deformable objects and soft robots.
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