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Abstract— We present an approach to learn a topology-
informed, first-order stable dynamical system to reproduce
robot motions from expert demonstrations. Prototypes are
extracted from trajectories and organized into a directed spatial
graph, from which representative paths are obtained to fit
splines. A Lyapunov function defined through these splines
provides stabilizing constraints and a global notion of progress.
To ensure predictable behavior, we decompose the dynamics
into a conservative component active outside the data support
and a locally accurate component that reproduces demonstrated
velocity profiles within the data support, achieved through a
covariance-based gating mechanism and local modulation ma-
trices. The proposed method can faithfully represent unimodal
and multimodal goal-directed motions, multi-attractor land-
scapes, and limit cycles, while supporting real-time learning. We
further present promising initial results on benchmark datasets.

I. INTRODUCTION & RELATED WORK

Learning structured, stable dynamical systems from
demonstrations for reactive robot motions has received sig-
nificant attention [1]. While many approaches rely on time-
dependent second-order systems such as dynamical move-
ment primitives [2], others learn stable autonomous first-
order systems offering improved robustness and adaptabil-
ity. Stability is enforced via Lyapunov functions [3]–[7],
contraction theory [8], [9], or diffeomorphic mappings from
simple stable systems [10]–[12]. Recent work also considers
dynamics on Riemannian manifolds [13], [14] and real-
time adaptation on constrained hardware [15]. A central
challenge is the accuracy-stability dilemma [10], where
strong structural priors restrict the solution space. Existing
approaches include quadratic Lyapunov functions [4], sums-
of-squares polynomials [5], and spline-based constructions
[7]. Although topological properties of the data have been
explored [16], [17], they have not been leveraged to construct
Lyapunov functions in this setting. In this work, we learn
a topological summary of demonstrations using the Neural
Gas algorithm [18] and a tailored topology construction,
yielding prototypes and a directed spatial graph. From this,
we extract data-supported paths or cycles to fit splines
defining a flexible, piecewise Lyapunov-like function. Based
on the prototypes, we further learn modulation matrices and
a covariance-based gating mechanism, enabling accurate in-
distribution dynamics and conservative behavior outside the
data, with promising results on benchmark tasks.
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Fig. 1: Data, learned prototypes, topology and Voronoı̈ cells
(l). Splines and Lyapunov function values as contours (r).

Fig. 2: Learned vector field with color indicating velocity (l).
Limit cycle field with Lyapunov function contours (r).

II. METHODOLOGY

A. Learning a Topological Summary

To obtain an informative but compressed representation of
the demonstrated expert trajectories in the form of position-
velocity pairs {xt, ẋt}Tt=1, x, ẋ ∈ Rn, we apply the so-
called Neural Gas (NG) algorithm [18] on the position-
samples first. The NG learns a number of representatives
W = {w1, ..., wN} ∈ Rn, also called prototypes, in an unsu-
pervised manner using the Euclidean distance di := d(x,wi)
and stochastic gradient descent on the energy function over
the data X ⊆ Rn:

E =

N∑
i=1

∫
X

P (x)hλ(ki(x,W ))d(x,wi)
2dx (1)

using:

∆wi = hλ(ki(x,W ))(x− wi) i = 1, 2, ..., N (2)

such that they represent the data density P (x). The proto-
types divide the data space into a set of Voronoı̈ cells, i.e.
sets Vi where the prototype wi is the closest to any point in



that set than to any other:

Vi = {x ∈ X : d(x,wi) ≤ d(x,wj), ∀j} (3)

Compared to methods such as the Self-Organizing Map [19]
and K-Means, the NG imposes no global topological prior
and updates all prototypes according to the ranking function
ki(x,W ) = #{l : d2l < d2i } =

∑
l θ(d

2
i − d2l ), where θ(·)

is the Heaviside function. The neighborhood cooperativity is
controlled by hλ(x,W ) = exp(−ki(x,W )/λ) with λ > 0
[18]. Although extensions learn prototype topologies [20],
the resulting graph edges may not reflect the data density
[21]. Therefore, we propose a trajectory-informed method to
construct an accurate topology from the demonstrations.

Algorithm 1: Topology Construction

Input: Prototypes W = {wi}Ni=1 with Voronoı̈ cells
{Vi}Ni=1, data {xt}Tt=1, threshold η

Output: Directed graph G = (W,E), selected paths
or cycles Π

C ← 0 ∈ RN×N ;
at := i s.t. xt ∈ Vi ∀t ;
for t = 1 to T − 1 do

(i, j)← (at, at+1) ;
Cij ← Cij + I[i ̸= j] ;

Pij ← Cij/
∑

k Cik if
∑

k Cik > 0, else 0 ;
E ← {(i, j) | i ̸= j, Pij ≥ η} ;
dij ← ∥wi − wj∥2 ∀(i, j) ∈ E ;
Π← ∅ ;
foreach connected component C ⊆ G do

let {ws} ⊆WC , wg ∈WC ;
if {ws} ̸= ∅ and wg exists then

Π← Π ∪Unique{SP({ws}, wg; d)} ;
else

Π← Π ∪Unique{CYCLES(C)} ;

return G = (W,E),Π

The procedure is summarized in Algorithm 1. We first
count transitions between adjacent Voronoı̈ cells along the
demonstrations, where a transition Vi → Vj occurs if
xt ∈ Vi and xt+1 ∈ Vj . The counts are normalized to
represent transition probabilities, and edges are created for
probabilities above a low threshold η ∈ [0, 1]. For specific
prototypes we obtain sinks wg with only incoming edges
and sources ws with only outgoing edges. Assuming goal-
directed motions or limit cycles, we extract unique distance-
weighted shortest paths between ws and wg , or unique cycles
within each connected component. These paths resemble
principal curves [22], as they follow high data density regions
while minimizing the quantization error, thereby approximat-
ing the underlying data manifold [23].

B. Generating a Spline-based Lyapunov Function
A radially unbounded Lyapunov function V (x) is a func-

tion such that lim∥x∥→∞ V (x) =∞ and:

V (x∗) = 0, V (x) > 0 ∀x ̸= x∗, V̇ (x) < 0 ∀x ̸= x∗ (4)

For a system ẋ = f(x) with V̇ (x) = ∇V (x)⊤f(x), these
conditions imply that the equilibrium x∗ is globally asymp-
totically stable under standard smoothness assumptions. To
include multiple equilibria, where trajectories converge to
different states out of a set S∗ := {x ∈ Rn|f(x) = 0},
or limit cycles which describe invariant sets S+ := {x(t) |
x(t + Ψ) = x(t), ∀t, Ψ > 0} for an orbital period Ψ,
we utilize the definition of a Lyapunov-like function, that
satisfies the usual Lyapunov conditions for the respective sets
S∗ and S+ as well [24]. To generate a valid Lyapunov-like
function, we fit an arc-length parametrized C1-differentiable
cubic Hermite spline γk : [0, 1]→ Rn on each path or cycle
present in Π, such that the spline tangents are aligned with
the edge orientations. Boundary constraints, such as multiple
paths meeting at shared endpoints or cyclic constraints for
limit cycles, arise naturally from the topology. For each
spline γk, we define the projection and distance:

sk(x) = arg min
s∈[0,1]

∥x− γk(s)∥2, (5)

dk(x) = ∥x− γk(sk(x))∥. (6)

The closest active spline is selected using:

k∗(x) = argmin
k

dk(x). (7)

For a single spline, we define:

uk(x) = x− γk(x)
(
sk(x)(x)

)
, (8)

τk(x) = γ′
k(x)

(
sk(x)(x)

)
, (9)

κk(x) = γ′′
k(x)

(
sk(x)(x)

)
. (10)

A Lyapunov function combining distance to the spline and
progression along it is defined as:

Vk(x) =
α

2
∥x− γk(sk(x))∥2

+
(1− α)

2
(1− sk(x))

2.
(11)

The parameter α ∈ [0, 1] is used to control the behavior
of the energy gradient field: high values cause strong con-
traction toward the spline, while low values allow greater
flexibility to accommodate perturbations. The gradient in-
cludes a second-order correction due to the dependence of the
progression term on the projection and the implicit function
theorem:
∇Vk(x) = αuk(x)− (1− α)(1− sk(x))

· τk(x)

∥τk(x)∥2 − uk(x)⊤κk(x)

(12)

In the case of a limit cycle, the phase-progression related
terms are dropped. We also define a term involving the
normalized gradient for paths with small constant δ > 0
to avoid division by zero:

∇Ṽk(x) =
∇Vk(x)

∥∇Vk(x)∥+ δ
, (13)

where a tangential bias −(1 − α)τk(x) from the spline is
added in the case of limit-cycles. The global Lyapunov-like
function is then defined by selecting the local active piece



through the closest spline:

V (x) = Vk∗(x)(x). (14)

While this hard switching introduces discontinuities at the
switching surfaces, one can show that the resulting function
is still valid using Clarke’s generalized gradient [25]. We
omit the proof here for brevity.

C. Covariance-based Local Activations and Gating

For the active path p, let {wi}Pi=1 denote its constituent
prototypes and let Σi be the empirical local covariance
calculated from the position data in Vi. For a state-space
position x, the squared Mahalanobis distance is:

dMi(x) = (x− wi)
⊤Σ−1

i (x− wi). (15)

The local activations are given by a numerically stabilized
partition of unity:

ϕi(x) =
exp

(
− dMi

(x)− α(x)
)∑P

j=1 exp
(
− dMj (x)− α(x)

) , (16)

α(x) = max
j

(
− dMj (x)

)
= −min

j
dMj (x), (17)

The scalar gate Γ(x) ∈ [0, 1] determines whether the dy-
namics are governed mainly by the conservative unit-norm
Lyapunov descent field, Γ(x) ≈ 0, or by the learned local
model, Γ(x) ≈ 1. It is computed from the covariances around
the prototypes of the active spline:

d(x) = min
j

dMj (x) (18)

Γ(x) = σ
(
− β(d(x)− δ)

)
(19)

σ(z) =
1

1 + exp(−z)
(20)

where dMj
(x) is evaluated using the projection of x onto

segment (wj , wj+1) and the corresponding interpolated co-
variance. Hence, ϕi(x) distributes responsibility within the
data support among prototypes of the active spline, whereas
Γ(x) controls whether the learned local dynamics should
be active at all. Further the second gating function H(x)
is defined as:

H(x) = 1− exp
(
− βH∥x− wg∥2

)
(21)

such that H(x) = 1, H(wg) = 0 and H(x)→ 0 as x→
wg with βH controlling the sharpness of the transition. This
function scales down the dynamics as the state approaches
any present goal prototype wg .

D. Determining Modulation Matrices

The learned dynamical system is constructed using pos-
itive definite modulation matrices Gi ∈ Rn×n, Gi ≻ 0
associated with each prototype, acting on the normalized
gradient. For the active spline, they are combined as:

Mk(x) =

P∑
i=1

ϕi(x)Gi,

ϕi ≥ 0,

P∑
i=1

ϕi = 1.

(22)

The resulting localized dynamics are:

flocal(x) = −Mk(x)∇Ṽk(x), (23)

which enables anisotropic scaling and rotation of the gradient
field while preserving its structure. Since Mk(x) is a convex
combination of positive definite matrices, it remains positive
definite, ensuring that the descent direction of ∇Ṽk(x) is
preserved. Consequently, the Lyapunov function remains
non-increasing under the modulation such that stability is
maintained. We omit a formal proof also for brevity. The
final dynamics which incorporate the local dynamics, gating
and normalized gradient are given by:

ẋ = fk(x) = H(x)
(
(1− Γ(x))

(
−∇Ṽk(x)

)
+ Γ(x)

(
−Mk(x)∇Ṽk(x)

))
.

(24)

To determine the modulation matrices, we solve a convex
least-squares optimization problem with linear matrix in-
equality constraints for the data assigned to the respective
closest splines Tk := {t | k∗(xt) = k} in parallel:

min
{Gk

i }
Pk
i=1

∑
t∈Tk

∥∥ẋt − fk(xt)
∥∥2

s.t. Gk
i ⪰ εI, i = 1, . . . , Pk

(25)

III. EXPERIMENTS & OUTLOOK

We report preliminary results on the LASA handwriting
dataset, averaged over five runs with standard deviations.
The metrics are the mean squared error (MSE), cosine
error, dynamic time warping distance (DTWD) and swept
error average (SEA) as described in [3], [4], calculated on
normalized data. We trained the NG for 50 epochs with 18
prototypes and used the recommended parameters for the
other approaches. Our model compares favourably while ex-
hibiting an average learning time of 0.85 seconds on an AMD
Ryzen Threadripper 3960X with 128GB of RAM for a single
shape. Inference is possible at approximately 250Hz. An
example visualizing all steps of the procedure is provided in
Figure 1 and Figure 2. The proposed approach demonstrates,
that topology-informed Lyapunov-like functions can capture
complex motion patterns while preserving stability guaran-
tees. Future directions will focus on validation on real robotic
systems and incorporating task-adaptation mechanisms [26]
to account for changes in the environment during inference.
In addition, we aim to extend the framework from single
motion trajectories to structured task sequences, enabling the
representation and execution of multi-stage behaviors with
transitions between distinct dynamical regimes.

TABLE I: Preliminary Results on LASA. Best bold.

Model MSE Cosine DTWD SEA
SEDS [3] 0.15± 0.04 0.11± 0.08 85.28± 36.80 0.39± 0.08
LPV-DS [4] 0.13± 0.03 0.07± 0.05 63.26± 13.78 0.42± 0.39
PLYDS [5] 0.12± 0.04 0.07± 0.05 129.65± 117.35 0.43± 0.13
DAMM [6] 0.14± 0.06 0.10± 0.09 46.02± 8.89 0.32± 0.05
TopoDS (ours) 0.08± 0.04 0.04± 0.02 12.01± 4.58 0.22± 0.05
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